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Abstract

The distribution of prime numbers is traditionally viewed through the lens of statistics, defined by
long-range chaos and an asymptotic decay predicted by the Prime Number Theorem. This paper
challenges that view by introducing the Prime-Wave Hypothesis, which posits that the prime sequence,
while discrete, is governed by an underlying, measurable wave-like coherence defined by specific, fixed
structural modes. Using a novel geometric transformation, we convert the sequence of consecutive primes

(Pn, Pn+1) into an angular time-series signal, Ad, which captures the system's directional change.

The analysis of the Ad. signal, derived from the first 78,498 primes, empirically validates the hypothesis
through two key findings that define the Prime-Wave Duality:

1. Global Determination: The Global Drift (systematic bias) of the sequence decays dramatically,
proving the prime system is under a long-range structural pressure to self-correct toward the 45°
Asymptotic Ideal.

2. Local Coherence: The Aa signal contains three fixed, invariant spectral peaks (at f = 0.48, 0.39,
0.35). These Fixed Wave Modes act as a behavioral protocol, proving that local prime
generation is not random but constrained by specific, quantized structural rules that govern the
prime path's directional change.

This work reframes the study of primes from abstract statistics to the analysis of a dynamic, geometrically
determined, and structurally coherent system.

1. A Geometric Reframing: Defining the Prime-Wave Duality

The prime numbers are regarded as the "building blocks" of mathematics, but their seemingly random
distribution has challenged efforts to find an intrinsic structural rule. The study of prime number
distribution has historically relied on complex analytic methods, most notably the Riemann Hypothesis,
which seeks to prove order through abstract zero points. However, this established framework overlooks
the inherent geometric and structural relationships within the prime sequence.

This paper proposes an alternative, geometric foundation for investigating prime distribution and utilizes
techniques from signal processing to identify fixed, structural patterns. The approach translates the prime
number sequence (Pn) into a dynamic geometric field, and analyzes the change in the angle of the



connecting vector, Adl, as a measurable time-series signal. The core philosophical proposition of this
work is the Prime-Wave Hypothesis, which posits that the sequence of prime numbers is not merely
stochastically random, but is fundamentally governed by a duality of structural forces: Global
Determination and an underlying Local Coherence.

Through rigorous quantitative analysis of the first 78,498 primes (up to 1,000,000), this hypothesis is
empirically validated by two findings that support this structural duality:

1. Global Determination: The systematic bias, or Global Drift, of the sequence rapidly dissolves,
confirming that the entire prime system tends toward a determined, fixed equilibrium (i.e., the
dissolution of long-range bias).

2. Local Coherence: The Aa signal contains three specific, invariant harmonic frequencies—the
Fixed Wave Modes—proving the existence of a permanent, wave-like structure that constrains
local prime behavior.

These findings suggest that the primes exhibit a Prime-Wave Duality, where overall complexity is
managed by a long-range determined process interacting with short-ranged, fixed, and structurally
coherent rules.

2. The Prime Triangle: Transforming Primes into a Wave Signal

The traditional analysis of primes treats them as a linear sequence. This work introduces a geometric
transformation that reveals a latent structure and dynamic relation between consecutive primes.

We define a Prime Triangle for every consecutive pair (Pn, Pn+1) by treating Pn as the x-coordinate and
Pn+1 as the y-coordinate in a Cartesian plane. This action converts the prime sequence into a series of
vectors radiating from the origin.

The angle a of the vector is determined by the ratio of the two consecutive primes:
o = arctan (Pn+1 / Pn).

As the prime numbers grow, the gap between consecutive primes becomes negligible relative to their
magnitude, meaning Pn+1 approaches Pn. Geometrically, this forces the angle o toward a definitive
Asymptotic Ideal (the formal mathematical limit): 45°.

The key signal analyzed is the change in angle, Ad, which is the difference between successive angles:

Ad = ontl1 - on.



Figure 1. Generalized Prime Triangle and 45° Asymptotic Ideal.
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The Geometric Transformation. The vector (Pn, Pn+1) defines angle 0., which asymptotically

approaches the 45° Ideal (dotted line). The signal AQL measures the system's instantaneous
structural correction required to maintain this determined long-range trajectory.

Aa. represents the directional change or structural variance, indicating the system’s effort to correct its
prior angular deviations. This time-series signal captures the systematic efforts of the primes to
self-correct back toward the 45° Asymptotic Ideal. If the primes were purely random, Ad. would be

unstructured static noise. The following sections demonstrate that At is, in fact, governed by two
powerful and verifiable structural forces.

3. Evidence for Global Determination: The Decay of Drift

The first and most critical finding supporting the Prime-Wave Duality is the dramatic decay of the
sequence’s systematic bias, or Global Drift, as the sequence progresses. This drift represents the
cumulative geometric deviation from the Asymptotic Ideal accumulated over the progression of the
prime path. If the prime sequence were truly random, this drift would be expected to persist or fluctuate
without a clear trend toward zero.

The analysis, however, reveals the system actively self-corrects its history of deviation. This correction
drives the drift toward zero, demonstrating that the prime path is striving to achieve the 45° Asymptotic
Ideal.



Figure 2. Decay of Systematic Bias toward 45°.
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Evidence of Global Determination. Plotting the decaying average AQl (Global Drift) versus the total
number of primes confirms the strong long-range structural pressure toward the 45° equilibrium,
validating the principle of Asymptotic Stability

The Decay of Systematic Bias

We analyzed two distinct samples of the A signal and measured the average Ad across both. This
average value acts as the measure of the Global Drift. As the sample size increased by a factor of 4.36
(from 17,984 to 78,498 primes), the Global Drift decayed by over 54% (decayed by a factor of 2.18).

Table 1

. Sample Sizes and Associated Drift.

Sample 1 Sample 2

Metric (N=17,984 Primes) (N=78,498 Primes)
Primes up to Primes up to

Data Range 200,000 1,000,000

Global Drift
(Avg Aa) 0.00000547 0.0000025147



The Philosophical Implication

This quantitative decay confirms the principle of Global Determination. The reduction of the systematic
bias demonstrates that the changes to alpha from smaller primes are systematically canceled out by the
corrections made in the larger primes. The system is not passively drifting, but rather exhibits a powerful,
long-range force that ensures the prime path extinguishes its own historical deviations from 45°. This
proves two things about the inherent, organized structure:

1. The sequence's long-term geometric target is the 45° Asymptotic Ideal.
2. The measured Global Drift (cumulative deviation) is trending toward a limit of zero, meaning the
error itself vanishes over time, i.e., cancels out.

4. Evidence for Local Coherence: The Fixed Wave Modes

While the Global Drift analysis confirms the long-range determination of the prime system, the second
critical finding proves the existence of Local Coherence—an intrinsic, fixed wave structure governing the
immediate, short-range behavior of the prime path. This finding is evidenced through a Windowed Fast

Fourier Transform (FFT) applied to the Ad signal.

The Invariant Spectral Peaks

The FFT is a technique used in signal processing to isolate any fixed, repeating frequencies hidden within
a complex signal. In this context, we are listening for fixed structural rules that drive the system’s
directional change Aa.. Analysis of the Adl signal derived from the first 78,498 primes reveals three
specific, dominant, and invariant spectral peaks.



Figure 3. Windowed FFT Showing Local Coherence and Stable Structures at f~ 0.35, 0.39, 0.48.
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Evidence of Local Coherence. Windowed FFT analysis of the AQl signal reveals three invariant

spectral peaks (Fixed Wave Modes) at f = 0.48, 0.39, and 0.35. These peaks act as the fundamental,
quantized structural rules governing local prime path coherence.

The FFT reveals that these are the only stable, non-random structural rules present in the signal; the rest is
statistical noise. Crucially, these three frequencies were also present and prominent in the initial, smaller
sample (N=17,984 primes). Their location is fixed and their magnitude is persistent, confirming they are a
fundamental property of the number line's geometry, not statistical noise that dissolves with more data.

Table 2. Fixed Wave Modes and Steps Indicating Structural Cycles.

Spectral Mode Frequency (f) Structural Cycle

(Period in Steps)
Fast Mode 0.47871 2.089
Mid Mode 0.38895 2.571

Slow Mode 0.35153 2.845



The Philosophical Implication

These invariant wave modes provide the evidence for the Prime-Wave Duality’s core mechanism. Just as
a stretched string can only sustain specific, fixed standing waves due to its structural tension, the prime
path can only undergo directional changes according to these three permitted modes of structural
correction.

When a prime Pn is formed, it creates a quantifiable geometric “tension”. The presence of these fixed
cycles (repeating every = 2, 2.5, and 2.8 steps) proves that the subsequent primes, Pn+1 and Pn+2, are
structurally constrained to resolve that tension using one of these prescribed wave patterns before the rule
resets. This demonstrates that local prime generation is not chaotic, but structurally coherent and
governed by a fixed, underlying wave mechanism.

5. Conclusion: The Prime-Wave Duality

This work demonstrates that the prime distribution is not solely the result of stochastic randomness
governed by statistical laws, but is instead an emergent phenomenon resulting from two competing,
measurable, and structural forces—a duality that dictates the placement of every prime number.

The analysis of the Ad. signal provides the first empirical evidence for a globally determined and locally
coherent prime structure:

1. Global Determination: The systematic decay of the Global Drift toward a limit of zero proves
that the entire sequence is under a long-range structural pressure to self-correct and maintain the
45° Asymptotic Ideal.

2. Local Coherence: The existence of three fixed, invariant spectral modes proves that the
instantaneous directional change of the prime path is not random noise, but is constrained by
quantized structural rules.

The philosophical implication of these findings is profound. To achieve its long-range goal of asymptotic
stability, the prime sequence requires an underlying behavioral protocol. The Prime-Wave Duality frames
the number line not as a passive field, but as an active geometric medium where the formation of one
prime creates a wave that governs the position of the next prime through a quantifiable geometric
tension. The subsequent primes are then structurally constrained to resolve that tension by aligning their
position along one of the three fixed wave modes before the rule resets. This reframes the study of primes
from abstract number theory to the analysis of a dynamic, geometric, and structurally regulated system.

Full data, code, and analysis are available at:
https://github.com/allen-proxmire/prime-wave-duality
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